Metagrating is a new concept for wavefront manipulation that, unlike phase gradient metasurfaces, does not suffer from low efficiency and also has a less complicated fabrication process. In this paper, a compound metallic grating (a periodic structure with more than one slit in each period) is proposed for anomalous reflection. The electromagnetic response of this grating is analyzed by a proposed analytical method and then a closed-form and analytical expressions are presented for the reflection coefficients of the higher diffracted orders. The proposed method is verified by full-wave simulations and the results are in excellent agreement. Thanks to the geometrical asymmetry of compound metallic grating, we use it for designing anomalous reflection in the normal incident. Given analytical expressions for reflection coefficients, a perfect anomalous reflector is designed via transferring all the incident power to (−1) diffraction order. The structure designed in this study has an unprecedented nearto-unitary efficiency of 99.9%. Finally, a multi-element compound metallic grating is proposed for reflecting the normal incident to angles of below 30 • , which is a challenging accomplishment. This excellent performance of compound metallic grating shows its high potential for microwave and terahertz wave-front manipulation applications. arXiv:1912.09139v1 [physics.optics] 
I. INTRODUCTION
T HE anomalous reflection/refraction is an interesting subset of wave manipulations owing to its important role in laser, optics, and so on [1] , [2] , [3] . For a long time, this attractive phenomenon has been realized by means of reflected arrays [4] . Nowadays, due to the development of nanotechnology, metasurfaces are common elements to achieve anomalous reflection [5] , [6] , [7] .
Metasurfaces, two-dimensional artificial structures used for manipulating the propagation of electromagnetic (EM) waves, have attracted much attention because of their numerous applications [8] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [17] . More specifically, phase gradient metasurface (PGM) can provide exceptional phenomena such as surface wave conversion [18] , vortex beam generation [19] , and beam focusing [20] . Also, PGM can realize the anomalous reflection based on generalized Snell's law, which is achieved by the inhomogeneous phase profile of metasurfaces [21] . Highly efficient anomalous reflection is a strict requirement for the above-mentioned applications. However, metasurfaces cannot achieve highly efficient until they are active and extremely local [22] , [23] , [24] . Moreover, the practical implementation of metasurfaces has significant difficulties.
Recently Ra'di et al introduced the concept of metagrating, which enables manipulations of EM waves with unitary efficiency [25] . In contrast to metasurfaces, metagrating does not need deeply subwavelength elements, making their fabrication process less complicated. The concept of metagrating is similar to the diffraction grating which has been one of the attractive research topics in the past decades [26] , [27] , [28] , [29] . The design principles of metagratings are related to Floquet-Bloch (FB) theory. Based on FB theory, when a plane wave impinges on a periodic structure, a discrete set of diffracted waves can be generated that some of them are propagating and others are evanescent. The number of propagating and evanescent waves is determined by the period of the structure and angle of incidence. To achieve anomalous reflection, all propagating modes should be vanished (including the specular mode) except one of them and all the power is transferred to that propagating non-specular FB mode.
Inspired by this idea, several anomalous reflectors have been proposed but most of them are designed through numerical simulations [30] , [31] , [32] , [33] , [34] . Although some analytical methods are proposed, all of them have some problems that restrict their performance. For example, [35] considered a metagrating formed by pairs of isotropic dielectric rods that suspended in free space above a perfect electric conductor (PEC) ground, which is not practical for implementation. Furthermore, the analytical method presented in [36] , [37] , [38] , due to its geometric symmetry, cannot be used in the case of normal incident, which is the most important case in the anomalous reflectors. After all, the power efficiency of the previously proposed metagrating-based anomalous reflectors is limited to 94% [36] , [30] , [39] . Moreover, none of the proposed structures provide anomalous reflection below 30 • . This case is more challenging, since (±2) FB modes become propagating. Although a conceptual design is proposed based on multiple electric line currents for this case [40] , however a practical structure with high efficiency has not been presented to the best of the author's knowledge.
In this paper, we show that achieving to unitary efficiency for anomalous reflection is possible using compound metallic gratings (CMGs). A CMG includes finite numbers of slits in each period, which can be used as a reflection grating (consists of slits carved out of a thick metal slab ) or transition grating (connects two separate open regions through groups of slits in a metal slab). In [41] , an analytical equivalent-circuit model has been proposed for compound metallic gratings with an arbitrary number of slits per unit. However, higher diffracted orders cannot be calculated in this method. We extend this equivalent-circuit to include higher order diffracted modes in our method. Thanks to this analytical method, we design a metagrating with near-to-unitary efficiency (99.9%) at normal incidence using a CMG. We also demonstrate anomalous reflection below 30 • with an impressive efficiency of 98.6%. 
II. AN ANALYTICAL METHOD FOR ANALYSIS OF CMGS

A. Scattering from compound metallic grating
The schematic of CMG, which includes two slits in a period, is illustrated in Fig.1 . Each unit cell consists of two slit regions with widths of w 1 and w 2 filled with a dielectric medium, the refractive indices of these regions are n 2 (region II) and n 3 (region III), respectively. The distance between the center of slits is d and the height of the first and second slit is h 2 and h 3 , respectively (Fig.1 ). The period of the array is P in the x-direction. Also, the structure is assumed to be infinite along the y-direction (∂/∂y ∼ 0 ). It should also be noted that the time-harmonic of the form exp(jωt) is assumed throughout this paper.
Consider that the structure is illuminated by an oblique transverse-magnetic (TM) polarized plane wave (the magnetic field is along the y direction) propagating along the z-direction with, whose incidence angle is θ i . Based on FB theorem, the total field in the region z > 0 is expressed by the Rayleigh expansion [42] 
where k z1n and k x1n are the wave-vector components in z and x directions in region I, respectively, and they are given by
where k 0 = ω(ε 0 µ 0 ) 1/2 is the free space wave number and λ is the free space wavelength. It should be noted in the all above equations, the subscript n corresponds to the order of the diffracted wave. Furthermore, in (1b)
is the TM-wave admittance of the nth diffracted order in region I.
In regions II and III, we assume slits are in single-mode regime and thus only transverse electromagnetic (TEM) mode is propagation in these regions. Hence, the magnetic and electric fields in regions I and II can be written as
,and
is the propagation constant of the TEM mode supported by a parallel plate waveguide. In addition, ξ i0 is the wave admittance of the medium inside each slit that is obtained by
Since we consider that only the fundamental mode is dominant and higher-order modes are in cut-off, the validity of this method is limited to the frequency range λ > 2w i n i (i = 2, 3) [42] . Now, by applying the appropriate boundary conditions at the z = 0 for the electric fields (the continuity of the tangential electric field at every point of the unit cell) using (1b),(5b) and (6b) we have
which are obtained by multiplying the electric fields to e jkx1nx and taking the integral of both sides over one period. Using boundary conditions of a tangential magnetic field and (1b), (5b), (6b) and then taking the integral of both sides over each slit width yields
Finally, we apply perfect electrical conductor (PEC) boundary conditions at the end of each slit, which leads to
By combining (8), (10) and (11), reflection coefficients can be derived as
and
Finally, The diffraction efficiencies (the ratio of diffracted power to the incident wave) can be calculated by the following relation:
These calculations can be readily generalized to the case of multiple CMGs (a CMG that includes multi-slit in each unit cell) following a similar approach.
For TE polarization, like the TM polarization of incident wave, first, we define the electric and magnetic fields in each region, except that in regions II and III, we only take into account the first TE mode of the parallel plate waveguide. Therefore, the validity of the method is limited to the frequency range below the cutoff frequency of the mode inside the slits. This condition requires that λ > 2w i n i . Then, by applying boundary conditions, reflection coefficients can be derived [43] . For the sake of brevity, these calculations are not included here.
B. Numerical Results
In this section, we validate and verify the accuracy of the proposed circuit model through some numerical examples. We demonstrate that our proposed model produce very accurate results for λ > 2w i n i . Fig. 2 . Comparing the results of proposed method with full wave simulations: (a)The diffraction of zeroth-order mode for different incident angles: θ i = 0 • , 30 • and 60 • . (b)The diffraction efficiency of higher orders at normal incidence. The CMG parameters are assumed as w 2 = 0.15P, w 3 = 0.2P, h 2 = 1.25P, h 3 = 1.625P, d = 0.25P, n 1 = n 2 = 1 and n 3 = 1.5. Fig.1 . Here, the normalized frequency is defined as ω n = P/λ and the CMG parameters are set to w 2 = 0.15P, w 3 = 0.2P , h 2 = 1.25P , h 3 = 1.625P , d = 0.25P , n 1 = n 2 = 1 and n 3 = 1.5. The zeroth (specular) diffracted order obtained from the analytical method for different incident angles is plotted in Fig.2a . To validate the proposed analytical method in the previous subsections, a full-wave simulation is performed using the finite integration technique (FIT) in CST Microwave Studio 2019. Also, the first and the second diffraction efficiencies of the structure are plotted in Fig.2b for the normal incident. The excellent agreement that is observed between the FIT results and our analytical method, demonstrating the accuracy of the proposed model. The difference between DE 1 and DE −1 can be observed from Fig2b. This difference stems from the geometrical asymmetry of the structure along x-direction, which can be highly useful in the design of metagrating and anomalous reflector.
Consider a CMG in accordance with
III. DESIGN OF PERFECT ANOMALOUS REFLECTOR
In this section, we present an analytical method for the design of metagratings with anomalous reflection reaching to unity efficiency. Based on FB theorem, a discrete set of modes can be diffracted when a plane wave impinges to a periodic structure. As shown in Fig.1 , except the specular mode (zeroorder), all the FB modes diffract to a various angle while are not equal with the angle of the incident wave. If all the power of incident wave transfer to a propagating FB mode, the perfect anomalous reflection can be achieved. When the angle of the incident wave is 0, for a perfect anomalous reflection, the structure must have geometrical asymmetry in x-direction; otherwise, in the best situation, the efficiency of anomalous reflection is 50% [25] .
The proposed CMG structure has geometrical asymmetry in x-direction and thus can be used in metagrating applications. For simplification of design process, we make two assumptions: 1-normal incidence, 2-0 (specular) and (±1) orders are the only propagating FB modes and higher-order modes are evanescent (at normal incidence this condition can be satisfied with P < 2λ). Our goal is to eliminate (0) and (1) modes and transfer all the power to (−1) mode. First, we specify the period of the CMG based on the desired angle of anomalously reflected wave:
obtained from (2a). For more simplicity in fabrication process, we assume that both slits are filled with air (n 1 = n 2 = n 3 = 1). As the main purpose, the (0) and (1) FB modes of the proposed structure should be zero. According to passivity condition and since the higher order modes(i.e., n ≥ 2) are evanescent, by eliminating the DE 0 and DE 1 , we achieve unitary efficieny for the DE −1 . Based on the theoretical formulation presented in the previous section, the genetic algorithm is utilized to minimize the DE 0 and DE 1 of the anomalous reflector. Hence, we define the cost function as DE 2 0 + DE 2 1 in the desired frequency. The height and width of slits and also the distance between the centers of two slits are the variables in the optimization process.
Using the above-mentioned design process we designed an anomalous reflector with near-to-unitary efficiency that reflects the incident wave to a direction with a −50 • reflection angle. The parameters of the designed CMG are w 2 = 0.26P, w 3 = 0.245P, h 2 = 0.99P, h 3 = 0.88P and d = 0.35P . The diffractions efficiency of designed CMG are shown in Fig.3a . It can be seen from Fig.3 , that almost all the power (99.91%) couples to the (-1) FB mode in the desired frequency ω n = 1.3. This efficiency is a remarkable achievement in comparison with the previously published studies. The power efficiencies of anomalous reflection in [35] , [36] , [30] , and [39] are 94%, 94.1%, 94%, and 74.8%, respectively. The distribution of reflected electric fields at the design frequency (ω n = 1.3) is plotted in Fig.3b which clearly shows anomalous reflection.
The CMG can be used for reflecting the normal incident to a direction with different angles. We extract the parameters of CMG similar to the previously designed anomalous reflector for several θ −1 values in the range −40 • to −80 • . Also, CMG can anomalously reflect oblique incident electromagnetic waves. As a prototype, we design a metagrating that can reflect an incident wave from θ i = 50 • to θ −1 = −22.5 • . The optimized structure parameters and the power efficiency of designed metagrating are listed in TableI. It can be observed from TableI that in all of the designed anomalous reflectors, we can achieve near to unitary efficiency. It should be noted that according to (2a), the anomalous reflection occurs in the normalized frequency ω n = P/λ = 1/|(sinθ i − sinθ −1 |) for both of the oblique and the normal incident cases.
For reflecting the normal incident wave to the angle of below 30 • , based on (16) , it is required that λ > 2P . According to (2a) and this condition, ±2 orders of FB mode become propagating. Therefore, the design of this case is more challenging and thus there are little works on this case. In [40] , it has been shown that a metagrating having N polarization line currents per unit cell can eliminate the N − 1 FB modes. However, this work did not propose a practical structure with specified parameters for the realization of anomalous reflection at angles below 30 • . For the design of an anomalous reflector at θ −1 = −25 • for the normal incident waves, based on (16) , periodicity must be chosen as 2.36λ. It is noteworthy that similar to previous cases, our goal is to eliminate all FB mode except n = −1. The (0), (±1) and (±2) FB modes are propagating for a structure with a period of 2.36λ . In this case, according to [40] , the proposed structure of Fig.1 cannot be used. Hence, we propose a multi element compound metal grating as depicted in Fig.4 . The proposed structure has four slits in a period. Again for easier fabrication, we assume the slits are filled with air.
The method of design is similar to the previously designed metagrating. By eliminating (0), (1) , and (±2) orders of the FB mode, the parameters of structure in Fig.4 are designed as w 2 = 0.1P, w 3 = 0.05P, w 4 = 0.1P, w 5 = 0.07P, h 2 = 0.32P, h 3 = 0.16P, h 4 = 0.29P, h 5 = 0.48P, d 1 = 0.1P, d 2 = 0.17P and d 3 = 0.24P for reflecting incident wave into −25 • . The diffraction efficiencies of the propagating FB modes are plotted in Fig.5a . As can be observed from Fig.5a , the incident power goes to (-1) mode with excellent power efficiency (98.55%). The electrical field distribution plotted in the design frequency demonstrates that the incident power is reflected at the angle of −25 • (Fig.5b) .
IV. CONCLUSION
In this paper, CMG was proposed for achieving perfect anomalous reflection as one of the most popular phenomena in the microwave, THz, and optic regime. An analytical method was proposed for analyzing CMG structures. The results of the proposed method were validated against full wave simulations, showing excellent agreement between the two solutions. Then, thanks to the proposed analytical method, perfect anomalous reflectors with virtually unitary power efficiency are presented to reflect the normal incident wave into the angles above −30 • . Moreover, multi-element CMG is proposed to reflect the normal incidence wave to angles below −30 • . Our analytical results demonstrated that perfect anomalous reflection could be realized using CMGs, which can be very useful in the concepts of metagrating and wave manipulation. 
